Observations suggest that our universe is spatially flat on the largest observable scales. Exactly six different compact orientable three-dimensional manifolds admit flat metrics. These six manifolds are therefore the most natural choices for building cosmological models based on the present observations. This paper briefly describes these six manifolds and the harmonic basis functions previously developed for representing arbitrary scalar fields on them. The principal focus of this paper is the development of new harmonics for representing arbitrary vector and second-rank tensor fields on these manifolds. These new harmonics are designed to be useful tools for analyzing the dynamics of electromagnetic and gravitational fields on these spaces.
I. INTRODUCTION
Current observations of the cosmic microwave radiation, together with observations of lower-redshift distance indicators, show that the large-scale average density of the universe differs by no more than 0.4% (the present observational error estimate) from the critical value that implies the geometry of our universe is spatially flat on these largest observable scales [1] . There are eighteen different three-dimensional manifolds that admit flat metrics [2] [3] [4] , so these are the most natural manifolds on which to construct realistic cosmological models. Ten of these flat manifolds are orientable, while eight are non-orientable. Spacetimes having non-orientable spatial slices are not parallelizable (i.e. they do not admit collections of smooth non-vanishing linearly independent vector fields), and (consequently) such manifolds do not admit spinor structures [5, 6] . Therefore, non-orientable three-manifolds are not likely to be useful for constructing complete realistic models of our universe. Of the ten orientable flat three-manifolds, six are compact while the remaining four are non-compact. Current observations do not allow us to see the entire universe, so we have no way of knowing whether or not our universe is spatially compact. For computational convenience, we choose to limit consideration here to models having compact spatial slices, i.e. models with finite spatial volumes.
Each of the six compact orientable three-dimensional manifolds that admits a flat metric can be obtained as a quotient E 3 /Γ of three-dimensional Euclidean space E 3 by an isometry group Γ of symmetries of E 3 . The classification of these spaces has long been known [2] [3] [4] . We use the notation E 1 , E 2 , ..., E 6 to refer to these spaces. The group action that defines each of these spaces can be thought of as a particular representation of E 3 as a periodic lattice of polytopes. The individual flat compact manifolds can be thought of as one of these polytopes with identifications between its faces. Figure 1 of Ref. [7] illustrates these polytopewith-identifications representations of these manifolds. The spaces E 1 , E 2 and E 3 are based on rectangular lattice representations of E 3 . E 1 is the simple three-torus, obtained by identifying opposite faces of a rectangular solid. E 2 and E 3 are obtained by identifying the opposite x and y faces of a rectangular sold, but twisting by π before identifying opposite z faces for the half-turn space E 2 , or by π/2 for the quarter-turn space E 3 . E 4 and E 5 are obtained from representations of E 3 as a lattice of hexagonal prisms. These hexagonal prisms have six rectangular faces, and two hexagonal faces. The opposing rectangular faces of these prisms are identified in E 4 and E 5 , while the hexagonal faces are twisted by 2π/3 for the third-turn space E 4 , or by π/3 for the sixth-turn space E 5 . The Hantzsche-Wendt space, E 6 , is based on a representation of E 3 by a lattice of rhombic dodecahedrons. The space E 6 is formed by a particular identification of the rhombic faces of one of these dodecahedrons. Explicit descriptions of the symmetries used to create each of the spaces, E 1 , E 2 , ..., E 6 , are given in Sec. II as part of our discussion of the scalar harmonics on these spaces.
We use the term harmonics in this paper to refer to the eigenfunctions of the covariant Laplace operator. These eigenfunctions form a complete set of smooth functions on these compact orientable manifolds, and can therefore be used as a basis for representing arbitrary square integrable functions on them. These harmonics can be thought of as generalizations of the Fourier basis functions used to construct representations of functions: f (x) = k f k e i k·x . Scalar harmonics have been developed for each of the six flat compact orientable three-dimensional manifolds, and these harmonics have been used to model the temperature variations in the cosmic microwave background radiation that would be observed on these spaces [7] . Scalar harmonics, however, are not adequate to model the full dynamics of the gravitational or the electromagnetic fields. A number of studies have been carried out on the vector and tensor harmonics on the (less physically relevant) manifolds with the topology of the threesphere, S 3 [8] [9] [10] [11] [12] [13] [14] . But little attention has been paid to such matters on the less-familiar three-manifolds that admit flat metrics. There has been some work on constructing second-rank tensor basis functions for E 1 in the context of studying the effects of inhomogeneous initial conditions on inflation [15] , or the possibility of gravitational wave turbulence in the early universe [16] . Here we significantly generalize these studies by constructing complete vector harmonic and second-rank tensor harmonic basis functions on all six flat compact orientable three-manifolds. To facilitate the analysis of the dynamics of the gravitational and electromagnetic fields on these manifolds, we have organized these new harmonics into subsets that maximize the number of classes having vanishing divergence and trace. These new harmonics were also constructed to satisfy nice orthonormality conditions that make it easy to represent arbitrary scalar and second-rank tensor fields on these manifolds.
The remainder of this paper is organized as follows. Explicit expressions for the symmetries used to construct each of the flat compact orientable three-manifolds, E 1 , E 2 , ..., E 6 , are given in Sec. II, along with explicit expressions for the (suitably re-normalized) scalar harmonics developed in Ref. [7] . The analogous vector and anti-symmetric second-rank tensor harmonics are developed in Sec. III. Two classes of these new vector harmonics are divergence free, so they provide a natural way to represent the transverse parts of dynamical electromagnetic fields. Symmetric second-rank tensor harmonics are developed in Sec. IV. These new tensor harmonics include five classes of trace-free harmonics, two of which are also divergence-free. These new tensor harmonics are well suited therefore for representing the transverse-traceless parts (i.e. the dynamical gravitational wave parts) of the gravitational fields on these flat compact orientable three-manifolds. Section V contains a brief summary and discussion of the new results. Several useful technical lemmas needed in the construction of the new vector and tensor harmonics are given in an Appendix.
II. SCALAR HARMONICS
The scalar harmonics are defined here to be eigenfunctions of the covariant Laplace operator:
We use the notation Y[E j ] k to denote the harmonics on the manifold E j (for j = 1, 2, ..., 6), where k = k a = (k 1 , k 2 , k 3 ) are parameters that identify a particular harmonic. On the three-torus, E 1 , these harmonics are (up to normalizations) just the Fourier basis functions:
where L 1 , L 2 , and L 3 , are the lengths of the three principal axes of E 1 . The parameters k are chosen to ensure that the harmonics have the appropriate periodicities on E 3 to make them smooth functions on E 1 :
This requires the n a (for a = 1, 2, 3) to be integers, n a ∈ Z. The eigenvalues for these solutions to Eq. (1) are given by
The normalization has been chosen in Eq. (2) to ensure that these harmonics satisfy the orthonormality conditions,
The harmonics for the remaining flat manifolds, E 1 , ..., E 6 , were derived in Ref. [7] by using the fact that each scalar harmonic
.e. to a scalar harmonic of E 3 that is invariant under the action of the isometry group Γ. Finding the scalar harmonics of the flat space E 3 /Γ is equivalent, therefore, to finding the Γ-periodic scalar harmonics of E 3 . Each element of an isometry group Γ of Euclidean space E 3 , can be written as a rotation/reflection M followed by a translation T: i.e. these isometries map points x ∈ E 3 to the points x ′ = M · x + T, or equivalently in component notation
These transformations are isometries so they preserve the forms of the metric g = g ab = diag(1, 1, 1) and the inverse metric g 
The isometry group Γ of the half-turn space, E 2 , consists of pure translations by L 1 , L 2 or L 3 in the principal directions, plus a compound rotation-translation defined by
The scalar harmonics invariant under these transformations are given by [7] ,
where the Y[E 1 ] k are the basic E 1 harmonics given in Eq. (2), and
. These harmonics have the same eigenvalues as the E 1 harmonics, Eq. (4), and satisfy orthonormality conditions analogous to Eq. (5).
The isometry group of the quarter-turn space, E 3 , consists of pure translations by L 1 , L 2 or L 3 in the principal directions, plus a compound rotation-translation defined by
These symmetries imply that L 1 = L 2 in the E 3 case. The scalar harmonics invariant under these transformations are given by [7] ,
The spaces E 4 and E 5 are constructed from a hexagonal prism lattice representation of E 3 that is generated by the four puretranslation symmetries
The isometry group of the third-turn space, E 4 , consists of the pure translations given in Eq. (12) plus a compound rotationtranslation defined by
These symmetries imply that L 1 = L 2 in the E 4 case. The scalar harmonics invariant under these transformations are given by [7] ,
where the Y[E 1 ] k are the basic E 1 harmonics given in Eq. (2), and ω = e i π/3 . To preserve the hexagonal translation symmetry in this case we must also take
. These harmonics have the same eigenvalues as the E 1 harmonics, Eq. (4), and satisfy orthonormality conditions analogous to Eq. (5). The isometry group of the sixth-turn space, E 5 , consists of the pure hexagonal lattice translations given in Eq. (12), plus a compound rotation-translation defined by
These symmetries imply that L 1 = L 2 in the E 5 case. The scalar harmonics invariant under these transformations are given by [7] ,
The isometry group of the Hantzsche-Wendt space, E 6 , consists of pure translations by L 1 , L 2 or L 3 in the principal directions, plus compound rotation-translations defined by
III. VECTOR HARMONICS
This section constructs vector harmonics on the six flat compact orientable three-manifolds. While these harmonics are not unique and can be chosen in a variety of different way, our goal here is to choose harmonics having three useful properties: First, the vector harmonics constructed here will be eigenfunctions of the covariant Laplace operator:
This ensures that these harmonics will form a complete basis for the (square integrable) vector fields on these manifolds. We use the notation Y[E j ] a (A) k (for A = 0, 1, 2) to denote the three linearly independent classes of vector harmonics that satisfy Eq. (24) on the space E j (for j = 1, 2, ..., 6). Second, the vector harmonics constructed here will satisfy nice orthonormality conditions,
And third, the vector harmonics constructed here in classes A = 1 and A = 2 will be divergence free.
It is easy to construct one nice class of vector harmonics on all the flat compact orientable three-manifolds. These harmonics, which we call the class A = 0 harmonics, are defined as the gradients of the scalar harmonics on each manifold:
where ∇ a = g ab ∇ b and κ 2 is the corresponding eigenvalue of the covariant scalar Laplace operator, Eq. (4). Since the scalar harmonics Y[E j ] k are smooth eigenfunctions of the Laplace operator, their gradients are automatically smooth eigenfunctions having the same eigenvalues on these flat manifolds. The normalization factor in Eq. (25) is chosen to ensure that these harmonics satisfy the nice orthonormality conditions
The divergences of these class A = 0 harmonics are given by
The construction of the class A = 1 and A = 2 vector harmonics is less straightforward. We have developed three different approaches that produce vector harmonics satisfying the three useful properties listed above. The first approach produces the simplest expressions for the vector harmonics, but this approach only works in the space E 1 . A somewhat more general approach can be used to derive fairly simple expressions for these vector harmonics in the spaces E 1 , ..., E 5 , but not in E 6 . We have also developed an even more general approach capable of constructing vector harmonics in all the E j spaces, but the resulting expressions produced in this way are quite complicated. Here we report the results of this general approach only for the otherwise intractable E 6 case.
The first approach to constructing the needed vector harmonics is based on the fact that any covariently constant vector field c a is invariant under the pure translation symmetry group of the three-torus, E
All that is needed to complete this simple approach is to choose two additional constant vectors to define the class A = 1 and A = 2 harmonics. Any unit vectors orthogonal to k a will do. One choice is ℓ a = (−k 2 − k 3 , k 1 − k 3 , k 1 + k 2 ) and m a = g ab ǫ bcd k c ℓ d , where ǫ abc is the covariantly constant, ∇ a ǫ bcd = 0, totally antisymmetric tensor volume element. For convenience, these vectors can be normalized by settinĝ
Vector harmonics defined in terms of the orthonormal constant vectorsk (−1, 1, 2). All these vector harmonics defined in Eqs. (28)-(30) satisfy each of the useful properties listed above. They are eigenfunctions of the covariant Laplace operator with eigenvalue −κ 2 , and satisfy the following orthonormality conditions,
The divergences of these vector harmonics on the space E 1 satisfy,
The divergences of these class A = 1 and A = 2 vector harmonics vanish wheneverl a andm a are chosen to be orthogonal tok a . The second approach to constructing vector harmonics uses the fact that the unit vector along the z-axis,ẑ a , is the only unit vector field invariant under all the symmetry groups of the manifolds E 1 , ...,
is an eigenfunction of the covariant Laplace operator, and can be used in the construction of the vector harmonics on these spaces in much the same way the constant vectors c a were used in the first approach. We note thatẑ
] k in all of these cases. The vector harmonics for these manifolds can therefore be taken to be 3 . When κ 2 = 0, the vector harmonics must be spatially constant vector fields. Three linearly independent spatially constant vector fields exist in the space E 1 , so any orthonormal set can be used as κ = 0 harmonics in that space. In the spaces E 2 , ..., E 5 the only spatially constant unit vector field isẑ a , so it becomes the only κ = 0 vector field on those spaces. When k 3 = 0 and κ 0 the vector harmonics are independent of z, i.e. they depend only on x and y. In this case the class A = 0 and A = 2 harmonics are given by Eqs. (34) and (36), but the expression for the A = 1 harmonic must be replaced by The third (most general) approach to constructing vector harmonics on these compact orientable flat spaces, E j , is based on the fact that these spaces are quotients, E 3 /Γ, of Euclidean space E 3 and an isometry group Γ. Therefore the problem of finding vector harmonics on the E j spaces is equivalent to finding the Γ-invariant vector harmonics on E 3 . This can be done using the method developed in Ref. [7] to derive expressions for the scalar harmonics. The Vector Action Lemma and the Vector Invariance Lemma described in the Appendix to this paper provide the tools needed to construct linear combinations of the E 3 vector harmonics that are invariant under all the elements of the symmetry groups Γ. The vector harmonics obtained using this method on the spaces E 1 , ..., E 5 are more complicated than those derived using the first two approaches. So here we report only the vector harmonics Y[E 6 ] a (A)k obtained in this way for the otherwise intractable E 6 case:
where
a (A)k are the vector harmonics on E 1 described above, and A = 0, 1, 2. We note that the expressions in Eqs. 
Anti-symmetric tensor fields, w ab = −w ba , on orientable three-manifolds are dual to the vector fields v a . Thus, for every w ab there exists a vector field v a so that w ab = ǫ abc v c . Therefore, any anti-symmetric tensor field can be represented as a sum of vector harmonics.
IV. TENSOR HARMONICS
This section constructs symmetric second-rank tensor harmonics on the six flat compact orientable three-manifolds. While these harmonics are not unique and can be chosen in a variety of ways, our goal here is to choose harmonics having three useful properties: First, the tensor harmonics constructed here will be eigenfunctions of the covariant Laplace operator:
This ensures that these harmonics will form a complete basis for the (square integrable) symmetric second-rank tensor fields on these manifolds. We use the notation Y[E j ] ab (A) k (for A = 0, ..., 5) to denote the six linearly independent classes of tensor harmonics that satisfy Eq. (41) on the space E j (for j = 1, ..., 6). Second, the tensor harmonics constructed here will satisfy nice orthonormality conditions, i.e.
ab (A ′ ) k ′ will be orthogonal under the standard L 2 inner product unless k = k ′ and A = A ′ . And third, the tensor harmonics constructed here in classes A = 1, ..., 5 will be trace free, and those in classes A = 4 and A = 5 will be divergence free.
It is easy to construct four classes of tensor harmonics that satisfy these properties on all the flat compact orientable three-manifolds. These harmonics, which we call the class A = 0, ..., 3 harmonics, are defined as,
where κ 2 is the corresponding eigenvalue of the covariant scalar Laplace operator, Eq. (4). Since the scalar harmonics Y[E j ] k are smooth eigenfunctions of the Laplace operator, their gradients are automatically smooth eigenfunctions having the same eigenvalues on these flat manifolds. The normalization factors in Eqs. (42)- (45) are chosen to ensure that these harmonics satisfy the nice orthonormality conditions
for A = 0, ..., 3 and B = 0, ..., 3. The traces of these tensor harmonics are given by,
while the divergences are given by
The construction of the class A = 4 and A = 5 symmetric second-rank tensor harmonics is less straightforward. Our approach to finding these harmonics is analogous to the methods described in Sec. III for deriving the class A = 1 and A = 2 vector harmonics. We have developed three different approaches that produce tensor harmonics satisfying the three useful properties listed above. The first approach produces the simplest expressions for the tensor harmonics, but this approach only works on the space E 1 . A somewhat more general approach can be used to derive fairly simple expressions for these tensor harmonics on the spaces E 1 , ..., E 5 , but not on E 6 . We have also developed an even more general approach capable of constructing tensor harmonics in all the E j spaces, but the resulting expressions produced in this way are quite complicated. Here we report the results of this general approach only for the otherwise intractable E 6 case.
The first approach to constructing the needed tensor harmonics is based on the fact that any covariantly constant tensor field c ab is invariant under the pure translation symmetry group of the three-torus, E 1 . Therefore any tensor field of the form c ab Y[E 1 ] k is an eigenfunction of the covariant Laplace operator, and therefore a candidate tensor harmonic. The choices for six linearly independent symmetric tensors c ab will define the six classes of tensor harmonics for this case. The class A = 0 and A = 1 tensor harmonics defined in Eqs. (42) and (43) for the space E 1 have this form:
All that is needed to complete this simple approach are choices for four additional constant tensors to define the class A = 2, ..., 5 harmonics. These choices are easy to construct using the set of orthonormal vectorsk a ,l a , andm a constructed in Sec. III:
The class A = 0, ..., 3 harmonics given in Eqs. (53)- (56) are equivalent to the expressions given in Eqs. (42)-(45). All these tensor harmonics defined in Eqs. (53)- (58) satisfy each of the useful properties listed above. They are eigenfunctions of the covariant Laplace operator with eigenvalue −κ 2 , and satisfy the following orthonormality conditions,
The traces of these tensor harmonics on E 1 are given by,
and their divergences are given by,
The second approach to constructing tensor harmonics uses the fact that the vectorẑ a , the metric g ab and the tensorẑ aẑb (wherê z a is the unit vector along the z-axis) are the only covariantly constant vector and tensor fields invariant under all the symmetry groups of the manifolds E 1 , ...,
.., 5) are eigenfunctions of the covariant Laplace operator that can be used in the construction of the tensor harmonics on these spaces. We note thatẑ
(A) k in all of these cases. The tensor harmonics for these manifolds can therefore be taken to be . When κ 2 = 0, the tensor harmonics must be spatially constant tensor fields. Six linearly independent spatially constant tensor fields exist in the space E 1 , so any orthonormal set can be used as κ = 0 harmonics in that space. In the spaces E 2 , ..., E 5 the only spatially constant tensor fields are g ab and g ab − 3ẑ aẑb , so (suitably normalized) they are the only κ = 0 tensor harmonics on those spaces. When k 3 = 0 and κ 0 the tensor harmonics are independent of z, i.e. they depend only on x and y. In this case the expressions for the vector harmonics are given in Sec. III and the expressions for the A = 0, ..., 3 and 5 tensor harmonics are given in Eqs. The third (most general) approach to constructing tensor harmonics on these compact orientable flat spaces, E j , is based on the fact that these spaces are quotients, E 3 /Γ, of Euclidean space E 3 and an isometry group Γ. Therefore the problem of finding tensor harmonics on the E j spaces is equivalent to finding the Γ-invariant tensor harmonics on E 3 . This can be done using the method developed in Ref. [7] to derive expressions for the scalar harmonics. The Tensor Action Lemma and the Tensor Invariance Lemma described in the Appendix to this paper provide the tools needed to construct linear combinations of the E 3 tensor harmonics that are invariant under all the elements of the symmetry groups Γ. The tensor harmonics obtained using this method on the spaces E 1 , ..., E 5 are more complicated than those derived using the first two approaches. So here we report only the tensor harmonics Y[E 6 ] ab (A)k with A = 0, ..., 5 obtained in this way for the otherwise intractable E 6 case:
ab (A) k are the tensor harmonics on E 1 described above. We note that the expressions in Eqs. (73) 
V. SUMMARY AND DISCUSSION
This paper introduces a uniform notation for the scalar, vector and tensor harmonics on the flat compact orientable threemanifolds E 1 , E 2 , ..., E 6 . The Y[E j ] k represent the scalar harmonics on the space E j (for j = 1, ..., 6) with parameters k = k a = (k 1 , k 2 , k 3 ). To enforce the appropriate periodicities, these parameters must be given by k a = 2π
in the spaces E 1 , E 2 , E 3 and E 6 , and
in the spaces E 4 and E 5 , where the n 1 , n 2 and n 3 are integers and L 1 , L 2 and L 3 are the periodicity lengths in each dimension. (The lengths L 1 and L 2 must also be equal in the spaces E 3 , E 4 and E 5 to preserve the symmetries.) Explicit expressions for these scalar harmonics, constructed originally in Ref. [7] , are summarized in Sec. II. The scalar harmonics on the six compact orientable flat three-manifolds E j (for j = 1, 2, ..., 6) are eigenfunctions of the covariant Laplace operator,
and satisfy the orthonormality conditions
Therefore it is easy to represent any (square integrable) scalar field on these manifolds in terms of these basis functions:
where the coefficients f k are given by
The vector harmonics on the six compact orientable flat three-manifolds E j (for j = 1, 2, ..., 6) are eigenfunctions of the covariant Laplace operator,
Therefore it is easy to represent any (square integrable) vector field on these manifolds in terms of these basis functions:
where the coefficients v (A) k are given by
These vector harmonics also satisfy the divergence identities,
on each of the six flat compact orientable three-manifolds. The vanishing divergences of the class A = 1 and A = 2 vector harmonics make them useful for constructing representations of the electromagnetic field. The tensor harmonics on the six compact orientable flat three-manifolds E j (for j = 1, 2, ..., 6) are eigenfunctions of the covariant Laplace operator,
for A = 0, ..., 5 and B = 0, ..., 5. Therefore it is easy to represent any (square integrable) symmetric second-rank tensor field on these manifolds in terms of these basis functions:
where the coefficients t (A) k are given by
The traces of these tensor harmonics are given by,
The vanishing traces and divergences of the class A = 4 and A = 5 tensor harmonics make them useful for constructing representations of the dynamical gravitational wave degrees of freedom of the gravitational field.
